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Pseudo steady state analysis

» Case study-1: coal particle burning
Surrgunding still air

* Oxygen diffuses to the surface of a coal particle.

» At the surface, O, reacts instantaneously with carbon

3C(s) +2.504g) 22 CO,g) + CO(g)

Carbon sphare

* No homogeneous reaction along the diffusion path

* Size of particle with time?
= Assume steady state condition first to analyse
diffusion — reaction
= Use quasi-steady analysis to analyse coal particle



Pseudo steady state analysis

» Case study-1: coal particle burning

Let us write the continuity equation for component-A (oxygen — O,)in the
spherical coordinate system:
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I”ZNOzr is constant along the diffusion path
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Pseudo steady state analysis

» Case study-1: coal particle burning

dx
Mass transfer flux of component-A: N, =—cD , d—A + X, Z N,
v

3 C(s) +2.50,(g) 22 CO,(g) + CO(g) » Need to consider 4 species! O,; CO,; CO; N,

N, =0 (stagnant & non-reactive)
2

N,., =—(2/2.5)N
CO, ( / ) % (from stoichiometry)
Neo =-(1/2.5)N,,

So, total molar flux around the coal particle:

D N, =N, +N¢y +Neo+ Ny,
2 1
=N, —=N, ——N, +(0
o: 95055 )

=—0.2N,,



Pseudo steady state analysis

» Case study-1: coal particle burning

dx02 —mix
N, =—cD = —-02x, N,, < N,,=-

0, —mix

As we’re dealing with spherical coordinates - Need to multiply both sides with r?

cD

2 O, —mix
r'N, = .

> 1402x, dr

2
redx,

B.C.1: r=R, x 0, = 0 (instantaneous reaction at particle surface)

B.C.2: r=m, x, =021 (molar fraction of O, in stagnant air)



Pseudo steady state analysis

» Case study-1: coal particle burning
« Key points:

= Do steady state analysis to get the molar flux of oxygen (N,)
= Use stoichiometry to relate N, to the molecular consumption of carbon, 1.e.

(3/2.5) (N, ) (surface area)

= Use material/molecular balance to determine the rate of consumption of carbon.



Unsteady-state diffusion — Finite Medium

Let us consider the continuity equation for component-A

1-D, stationary medium, no reaction, transient

Rectangular: C=C,(x, v, z, )

T ;_:“' ‘ ;,!
6c, ec, ec,— e o’c, o, ok
Lty —+v —T+v, —L=D| —F+ A+ L+ R
o0 Tox oy oe: ox®  JovT oz '
ViRl -"\2 7
oC, n o°C,
- T AB -~ 7
ol4 oX
Assumptions: Examples:
= Mass transfer driven by 1-D nples. . .
P + Diffusion in solids, in stationary
diffusion only liquids, or in systems with
= No bulk motion contribution |::> quids, y e
. . equimolar counter-diffusion
= No chemical reaction

+  Slow diffusion in dilute solutions



Unsteady-state diffusion — Finite Medium

« 1-D, stationary medium, no reaction, transient

Let © =(CA-Cp.)/(Cpo-Cas)

I.C.:
B.C.1:
B.C.2:

t=0,
x=0,

x=L,

Calx, 0) = Cpo
CA(D- t:' = Cas
Call. 1) = Cxs

5C. c"®

~ D p .2

ct CX

©O(x, 0)=1, for all O=x<L
@(0,1) =0, for all t>0
@(e=, 1) =0, for all t>0

10



Unsteady-state diffusion — Finite Medium

« 1-D, stationary medium, no reaction, transient

C,-C n=s : :
A ‘A0 1 .: nm |, —(nmx/2)7 (4D 45t/ L7)
=— > —sm|{)e
(—1 (—1 " L
‘A0 " As n=1
n=13,35 ..

The diffusion flux at any position in the medium:

. oC, 4D —

AT _ 4 _ AB (¢ (nc | ,—(nmc/2)* (4D g5t/ I)
Nu=Jp="Dyp—== (Cs ('AD)ZCOS( I Je
X L n=l
n=1 3,35 ..
".G-I |
i cC
JNA =0 - > =0 1o | seiany | 7 E. PN
Ty . mbially £ r mitinlly ™
=Lz OX |yor/2 v | r=m |6 4 = K f,'r/}_]:" b 4
) —— = i = — -
: L & 0 — ':__ [}] L T
2L : h __e'

Svymmetry condition at the centre point/line
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Unsteady-state diffusion — Finite Medium

« 1-D, stationary medium, no reaction, transient

Analogy between the quantities
that appear in the formulation
and solution of transient heat
conduction and transient mass
diffusion in a stationary medium

Heat Mass
Conduction Ciffusion
T C, ¥, por w
ol e
_Fe B -7 oWl ) — "
B Ti— T TS W — W
Fix £ — T, Wealar, £1 — ey
=T W, i — We
g == brmss = =
2ol MRS 2Tl
B. _ hu:cuml L B _ hl‘l‘EES 'r—
i = i [ Do
ot gt
T = F T = IE

Gl 1) = Gy palnt) = P

WX, £) — Wy

}?A(Iﬂ- Ej - }?A,i
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T Pas
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Yas T Waq
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Unsteady-state diffusion — Finite Medium

Heisler chart (Plane wall)
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Heisler chart (cylinder)
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Unsteady-state diffusion — Finite Medium

Heisler chart (Cylinder) 7| midany | 7.
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Unsteady-state diffusion — Finite Medium

Heisler chart (Sphere) . @ L.
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Unsteady-state diffusion — Finite Medium

Classroom example:

A spherical drug capsule (0.652 cm diameter) has an initial
concentration of 68.9 mg/cm? Dramamine.

o What is the residual concentration of Dramamine at the centre of the
spherical bead after 48 hours?

Data: Dag (Dramamine in the gel matrix of the capsule) = 3x107 cm?/s at body
temperature of 37°C.

19



Unsteady-state diffusion — Semi-infinite Medium

Initial condition: t=0,

B.C.1:
B.C.2

x=0,

X—> 0

)

Increasing time

Ca(x,0)=C, (forall x)
CA(0,t)=C_, (forall t>0)
Ca(e, 1) =C,  (for all t>0)

20



Unsteady-state diffusion — Semi-infinite Medium

oC 0°C 00 0’6
t=Dy— — > =Dy
Ot Ox Ot Ox
Initial condition: t = 0, c4(x,0) = ¢y; | 0(x,0) =0 (for all x)
B.C. 1: x=0,ca(0,t) =cps = ==> 9(0,t) = c,5 — ¢y; (forall t > 0)
B.C. 2: x = 00,¢4(00,1) = cy; (oo, t) =0 (for all t > 0)

CimCa o | 2 | 1—ef(p)
CAS_CA' 2 DABt \

~ \

erf (9) =[] exn(—4")g P Dt




Unsteady-state diffusion — Semi-infinite Medium

¢ erf ¢ ¢ erf ¢

0 0.0 085  0.7707
0.025 0.0282 090  0.7970
0.05 0.0564 095  0.8209
0.10 01125 1.0 0.8427
0.15 0.1680 1.1 0.8802
0.20 02227 1.2 0.9103
0.25 02763 1.3 0.9340
0.30 0.3286 14 0.9523
0.35 03794 15 0.9661
0.40 04284 16 0.9763
0.45 04755 1.7 0.9838
0.50 0.5205 1.8 0.9891
0.55 0.5633 1.9 0.9928
0.60 0.6039 20 0.9953
0.65 0.6420 22 0.9981
0.70 0.6778 24 0.9993
0.75 07112 26 0.9998
0.80 0.7421 2.8 0.9999

erf (9) = [ exp(-9")ig

for ¢ <0.5

. ~ Lot for ¢ >1
0 (1 Jr ¢ LJ
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Unsteady-state diffusion — Semi-infinite Medium

The complementary error function

£ erfc (&) £ erfc () £ erfc (&) £ erfc (£) £ erfc (&) £ arfc (&)

0.00 1.00000 | 038 05510 | 06 0.2825 | 1.14  0.1069 1.52 0.03158 | 1.0 0.00721
002 0.9774 040 045716 | 078 02700 | 1.1  0.100%90 | 1.54 0.02941 | 1.52 0.00662
0.04 0.9b645 0.4z 0.5bZb | 080 02575 | 1.18  0.09b16 | 1.b6 002737 | 1.94 000608
0.08 0.9324 0.44 05338 | 082  0.2462 | 1.20 0.08569 | 1.8 0.02b45 | 1.96  0.00b5L7
0.08  0.9089 046 05163 | 084 0.2349 | 1.22 0.08447 | 1.60 0.02365 | 1.98 0.00511
010 0.887h 048 04973 | 086 02239 | 1.24 007960 | 162 002196 | 2.00 0.00468
0.12 0.86h2 .60 0479bL | 088 02133 | 1.26 007476 | 1.64 Q.02038 | 2.10 0.00298
0.14 0.8431 0.bz 04521 | 050 02031 | 128 007027 | 1.66 001860 | 2.20 000186
0.1 0.8210 0,64 04451 | 052 01832 | 1.30  0.06699 | 168 001761 | 230 000114
0.18 07991 0B 04284 | 0924 01837 | 132 006194 | 1.70 001612 | 240 0.00069
0.20 07773 0.8 04171 | 0.96 d746 | 1.24 0 0.0BBOS | 1.72 001600 | 250 0.00041
0.22  0.7hb7 060  0.3861 | 0.98 A6bE | 1.36 0 0.06444 | 1.74 0Q.01387 | 2.60  0.00024
0.24 0.7343 0.62  0.3806 | 1.00 1573 | 1.38  0.0BOS9B | 1.76 0.01281 | 270 0.00013
0.26  0.7131 0.64 0.36b4 | 1.02 Jd4%2 | 140 0.04772 | 178 001183 | 2.80 0.00008
0.28 06921 o686 0.3k06 | 1.04 Jd413 | 142 0.04462 | 1.80 001091 | 2.80  0.00004
030 06714 0.e8 03362 | 1.06 JA329 | 144 004170 | 1.82 001006 | 3.00 0.00002
0.32 0.6509 070 03222 | 1.08 Jd267 | 1460 0.0385bH | 1.84 000926 | 3.20 0.00001
024  0.6306 072 032086 | 110 01188 | 148 0.0263b | 1.86 000853 | 3.40 0.00000
036  0.68107 074 02853 | 1.12 01132 | 1.b0 0.0233%90 | 1.88 000784 | 3.60 000000

e o e e e O o

Notes:

* Concentration at the surface is considered constant - assumption of negligible
surface resistance (or very high convection coefficient, k)

« Concentration away from the surface (x — o) is assumed equal to initial concentration
- within the time frame of the calculation, concentration away from the surface is not
expected to change considerably, i.e. diffusion path is much shorter than the thickness
of the geometry!

Examples: (1) absorption of oxygen gas into a deep tank of still water, (i1) case-hardening
of mild steel within a carburizing atmosphere, (ii1) “doping” of phosphorous atoms into a
silicon wafer. 23



Unsteady-state diffusion — Semi-infinite Medium

Case study — 2 — Chemical Vapour deposition

= ‘Nnnina’ nrarace in the fakhricatinn Af enlid-etata micrrnalartranice

Case study 2

Unsteady state mass transfer in a sem-infinite medium

Chemical vapour deposition (cont.)

The CVD process forms a SiO,, coating rich in IR
molecular phosphorous (P) over the crystalline- rl KTL - S ——
silicon surface. , i water
Phosphorous atoms then diffuses through the <. 2rocin — s00s 2900 c2mi
crystalline silicon to form the Si-P thin film.
o Coating becomes the source for mass transfer of
phosphorous =0
o Silicon wafer is the sink for mass transfer of i i

i (sink)
phosphorous e

Weity et al. (2001)
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Unsteady-state diffusion — Semi-infinite Medium

Case study — 2 — Chemical Vapour deposition

Chemical vapour deposition (cont.) -

= The CVD process forms a SiO, coating rich in l e
molecular phosphorous (P) over the crystalline- .- L
silicon surface. f, Sl water

= Phosphorous atoms then diffuses through the Si(s) + 2 POCl(g) —* SiDs(s) + 31z + 2P(8
crystalline silicon to form the Si-P thin film.

o Coating becomes the source for mass transfer of
phosphorous e
o Silicon wafer is the sink for mass transfer of
phosphorous —

-

To analyse:

(Assumption) P-atom concentration is
constant at the interface.

Diffusion coefficient of P atoms in crystalline
silicon is very low and only a thin film of Si-P is
desired
P-atoms do not penetrate very far into the
silicon, i.e. the P-atoms cannot “see” through
the entire thickness of the wafer

Si solid serves as a semi-infinite sink for the
diffusion process.
Predict the properties of the Si-P thin film as a
function of the doping conditions



Unsteady-state diffusion — Semi-infinite Medium

Case study — 2 — Chemical Vapour deposition

Chemical vapour deposition (cont.)

= CVD operation at 1100°C POCI, C,  POCHvapor
o This temperature is high enough to promote l L 8i0, + P(s) GVD coating
phosphorous diffusion i = ‘

= The surface concentration of phosphorous (C,5)
in the silicon is 2.5 x 1020 atoms P/em? solid Si
o This conc. is relatively dilute (pure solid silicon is
5x10%2 atoms Si/cm? solid)
= The phosphorous-rich coating is considered as S - :
an infinite source relative to the amount of P -"i SiGg

atoms transferred - C,g is constant. il

= Predict the depth of the Si-P thin film after 1
hour, if the target concentration is 1% of the
surface value (2.5x10'% atoms P/ecm? solid Si)

= Predict the concentration profile of P atoms after
1 hour.




Unsteady-state diffusion — Semi-infinite Medium

Case study — 2 — Chemical Vapour deposition

Chemical vapour deposition (cont.)

l L Si0y + Ps) CVD coating
oC e*C A .

1B :’1 L Si wafer

ot ox” :

+ 2POCKIG) —= Si04(5) + 301 + 2P{s)
Ca(x,t) = Concentration of phosphorous
(species A) in solid silicon (species B)

E o
-
F i (sink)

Relevant |C and BCs:

l.C.: =0, Calx, 0) = Cpp=0, for all x
B.C.-1: x=0, Ca(0, t) = C,.=2.5x10%0 atoms P/cm?, for all t>0
B.C.-1: x—e=,  Cy(e=, t) =C,=0, for all t=0

27



Unsteady-state diffusion — Semi-infinite Medium

Case study — 2 — Chemical Vapour deposition

Chemical vapour deposition (cont.)

POCI,

(Assumption) D,g is constant rl L Si0; + P(s) CVD caating
— Analytical solution: r"‘“ —
Si wafer
C Sils) + 2POCKLIg) —= S404(s) + ACI; + 2P(s)
LuC_of =orf (¢)
Cus—Cuo { 1_;4D ]

Cas

=

20 1% B : .
Cys —Cy = 2.5x10" — E;ZIH} =0.909= g}f(ﬁﬁ} .-I Si (sink}
C.is —_ C.‘lﬂ 25I1 0_ T T e —

< erf(§) =099 where ¢=1.82=x//4D

X=¢*JAD 5t =1.82% J4%6.5x10 " [em® / s]*3600[s] = 1.76x10™ cm

Welty et al. (2001)
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Unsteady-state diffusion — Semi-infinite Medium

Case study — 2 — Chemical Vapour deposition

Chemical vapour deposition (cont.)

POCI,

Concentration profile after 1 hour: rl L T N
(HT S
C . N Siwafar
ﬁ - E’;f‘ Sifs) + 2POCk|g) — 3i0s(3) + 3Gl + 2Pis)
T4 10 4DABI

.
(6.5x107 em? 5 {3600s)

f
=X (Eﬁrmm{l erf|
J4

Concentration profile after 1 hour:
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