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Outline
• Conduction - unsteady state heat transfer

• Lumped capacitance approach (ref-2: book section – 4.1)

• Biot number
• Fourier number
• Application of Biot number

• Non-lumped capacitance approach (ref-2: book sections – 4.2 and 4.3)

• Finite system (ref-2: book section – 4.2)

• Heisler charts (ref-2: book figures – 4.17, 4.18 and 4.19)

• Semi-infinite system (ref-2: book section – 4.3)
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Ref-2: Follow the book “Heat and Mass 
Transfer” by Cengel and Ghajar
Refer to book section numbers for each topic.

Ref-1: Follow the book “T. P.” by 
Bird, Stewart, and Edwin



Unsteady conduction
• Conduction in which temperature change with both position and 

time
• Initiated when a system experiences a change in operating 

conditions and proceeds until a new steady state (thermal 
equilibrium) is achieved.

• Two simplifications:
• Temperature gradients within the solid are neglected - lumped systems –

lumped capacitance method

• 1D heat transfer within the solid - solutions for finite/ semi-infinite solids

4



Lumped Capacitance Approach
• The simplest approach to unsteady state conduction problems
• Assumptions 

• Resistance in solid is small relative to external resistance
• Solid temperature is spatially uniform at any instant

• Example – solid immersed in a convective situation

5



Lumped Capacitance Approach
• Overall energy balance on the solid
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𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑡𝑡ℎ𝑒𝑒 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑
=

𝑡𝑡ℎ𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑

−𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜= 𝑄𝑄𝑆𝑆

−ℎ𝐴𝐴𝑠𝑠 𝑇𝑇 − 𝑇𝑇∞ = 𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝜃𝜃 = 𝑇𝑇 − 𝑇𝑇∞ 𝑎𝑎𝑎𝑎𝑎𝑎 𝜃𝜃𝑖𝑖 = 𝑇𝑇𝑖𝑖 − 𝑇𝑇∞

𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝
ℎ𝐴𝐴𝑠𝑠

𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑

= −𝜃𝜃 ⇒
𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝
ℎ𝐴𝐴𝑠𝑠

�
𝜃𝜃𝑖𝑖

𝜃𝜃 𝑑𝑑𝑑𝑑
𝜃𝜃

= −�
0

𝑡𝑡
𝑑𝑑𝑑𝑑

𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝
ℎ𝐴𝐴𝑠𝑠

𝑙𝑙𝑙𝑙
𝜃𝜃𝑖𝑖
𝜃𝜃

= 𝑡𝑡



Lumped Capacitance Approach
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𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝
ℎ𝐴𝐴𝑠𝑠

𝑙𝑙𝑙𝑙
𝜃𝜃𝑖𝑖
𝜃𝜃

= 𝑡𝑡 ⟹ 𝜃𝜃 = 𝜃𝜃𝑖𝑖exp −
ℎ𝐴𝐴𝑠𝑠
𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝

𝑡𝑡

𝑄𝑄 = �
0

𝑡𝑡
𝑞𝑞𝑞𝑞𝑞𝑞 = ℎ𝐴𝐴𝑠𝑠 �

0

𝑡𝑡
𝜃𝜃𝑑𝑑𝑑𝑑

𝜏𝜏 =
𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝
ℎ𝐴𝐴𝑠𝑠

= 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄 = 𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝 𝜃𝜃𝑖𝑖 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 −
𝑡𝑡
𝜏𝜏

Energy transferred up to time t:

𝑄𝑄 = ℎ𝐴𝐴𝑠𝑠 �
0

𝑡𝑡
𝜃𝜃𝑖𝑖exp −

ℎ𝐴𝐴𝑠𝑠
𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝

𝑡𝑡 𝑑𝑑𝑑𝑑



Lumped Capacitance Approach
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Condition of validity – Under what conditions the lumped 
capacitance approach is valid?

𝑄𝑄𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜 = 0

𝑘𝑘𝑘𝑘
𝐿𝐿

𝑇𝑇𝑠𝑠,1 − 𝑇𝑇𝑠𝑠,2 = ℎ𝐴𝐴 𝑇𝑇𝑠𝑠,2 − 𝑇𝑇∞

S-S conduction, plane wall

𝑇𝑇𝑠𝑠,1 − 𝑇𝑇𝑠𝑠,2

𝑇𝑇𝑠𝑠,2 − 𝑇𝑇∞
=

⁄𝐿𝐿 𝑘𝑘𝑘𝑘
⁄1 ℎ𝐴𝐴

=
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

=
ℎ𝐿𝐿
𝑘𝑘

= 𝐵𝐵𝐵𝐵

Dimensionless parameter
Biot number



Lumped Capacitance Approach
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Condition of validity – Under what conditions the lumped 
capacitance approach is valid?

Characteristic length



Lumped Capacitance Approach
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Condition of validity – Under what conditions the lumped 
capacitance approach is valid?

very small
temp gradients

Significant temp 
gradients

ℎ𝐿𝐿𝑐𝑐
𝑘𝑘

= 𝐵𝐵𝐵𝐵 < 1



Lumped Capacitance Approach
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Biot number and Fourier number

𝜃𝜃
𝜃𝜃𝑖𝑖

=
𝑇𝑇 − 𝑇𝑇∞
𝑇𝑇𝑖𝑖 − 𝑇𝑇∞

= exp −
ℎ𝐴𝐴𝑠𝑠
𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝

𝑡𝑡

ℎ𝐴𝐴𝑠𝑠𝑡𝑡
𝜌𝜌𝑉𝑉𝐶𝐶𝑝𝑝

=
ℎ𝑡𝑡

𝜌𝜌𝐶𝐶𝑝𝑝𝐿𝐿𝑐𝑐
=
ℎ𝐿𝐿𝑐𝑐
𝑘𝑘

𝑘𝑘
𝜌𝜌𝐶𝐶𝑝𝑝

𝑡𝑡
𝐿𝐿𝑐𝑐2

= 𝐵𝐵𝐵𝐵
𝛼𝛼 𝑡𝑡
𝐿𝐿𝑐𝑐2

= 𝐵𝐵𝐵𝐵 � 𝐹𝐹𝐹𝐹

Bi
Biot number

𝛼𝛼
Thermal 

diffusivity

Fo
Fourier number

𝜃𝜃
𝜃𝜃𝑖𝑖

=
𝑇𝑇 − 𝑇𝑇∞
𝑇𝑇𝑖𝑖 − 𝑇𝑇∞

= exp −𝐵𝐵𝐵𝐵 � 𝐹𝐹𝐹𝐹



Lumped Capacitance Approach
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Classroom example – 1
A hot spherical particle made out of carbon steel (1.25 cm diameter,
500 °C, k = 40 W/m.K) is cooled by a fan, with convection 
coefficient of 110 W/m2.K and air temperature of 25 °C. How long 
would it take for the sphere to reach a temperature of 100 °C?



Lumped Capacitance Approach
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Classroom example – 2
In a manufacturing facility, 5 cm diameter brass spheres (k = 111
W/m.K, r = 8500 kg/m3, Cp = 385.2 J/kg.K) initially at 121 °C are
quenched in a water bath at 20 °C for a period of 2 minutes at a rate 
of 120 spheres per minute. If the convection heat transfer 
coefficient 240 W/m2.K, determine:

• The temperature of the spheres after quenching
• The rate at which heat needs to be removed from the water in 

order to keep its temperature constant at 20 °C.



Transient Heat Transfer
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Non-lumped Capacitance Approach: Finite medium
• What if Bi > 0.1?
• Internal resistance is not negligible
• Consider simple systems  temperature varies with time and 

position in 1-D problems



Non-lumped Capacitance Approach: Finite medium
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Transient conduction through a large 
plane wall
• Thickness: 2L
• Initially at uniform temperature
• At t = 0, the wall is immersed in a 

fluid of temperature T∞
• T(x,t)?
• Assumptions:

• Constant heat transfer coefficient
• The height and the width of the wall 

are large relative to L
• 1-D approximation is valid
• There is thermal symmetry at x = 0



Non-lumped Capacitance Approach: Finite medium
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Transient conduction through a large plane wall

Differential equation:

Boundary conditions:

𝜌𝜌𝐶𝐶𝑝𝑝
𝜕𝜕𝑇𝑇
𝜕𝜕𝑡𝑡

= 𝑘𝑘
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

⇔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑥𝑥=0

= 0

−𝑘𝑘 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑥𝑥=𝐿𝐿

= ℎ �𝑇𝑇
𝑥𝑥=𝐿𝐿

− 𝑇𝑇∞

Initial condition: |𝑇𝑇 𝑡𝑡=0 = 𝑇𝑇𝑖𝑖 For 0 ≤ x ≤ L



Non-lumped Capacitance Approach: Finite medium
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Transient conduction through a large plane wall

Non-dimensionalisation of the differential equation:

Solution of the above equation:

𝜃𝜃 = 𝑇𝑇−𝑇𝑇∞
𝑇𝑇𝑖𝑖−𝑇𝑇∞

, 𝑋𝑋 = 𝑥𝑥
𝐿𝐿

, 𝜏𝜏 = 𝛼𝛼𝛼𝛼
𝐿𝐿2

= 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑛𝑛𝑛𝑛.

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼 𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

⇔ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕2𝜃𝜃
𝜕𝜕𝑋𝑋2

𝜃𝜃 = ∑𝑛𝑛=1∞ 𝐴𝐴𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 −𝜆𝜆𝑛𝑛
2𝜏𝜏 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆𝑛𝑛𝑋𝑋

𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝐴𝐴𝑛𝑛 = 4𝑠𝑠𝑠𝑠𝑠𝑠𝜆𝜆𝑛𝑛
2𝜆𝜆𝑛𝑛+𝑠𝑠𝑠𝑠𝑠𝑠 2𝜆𝜆𝑛𝑛

and 𝜆𝜆𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝜆𝜆𝑛𝑛 = 𝐵𝐵𝐵𝐵



Non-lumped Capacitance Approach: Finite medium
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Transient conduction through a large plane wall

Approximate solution:

For Fourier number (𝜏𝜏) > 0.2, the first term
of the series is sufficient

𝜃𝜃 = �
𝑛𝑛=1

∞

𝐴𝐴𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 −𝜆𝜆𝑛𝑛
2𝜏𝜏 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆𝑛𝑛𝑋𝑋

𝜃𝜃 = 𝐴𝐴1𝑒𝑒𝑒𝑒𝑒𝑒 −𝜆𝜆1
2𝜏𝜏 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆1𝑋𝑋



Non-lumped Capacitance Approach: Finite medium

19



Non-lumped Capacitance Approach: Finite medium

20

Heisler chart 
(Plane wall)

taken from Cengel, 2006



Non-lumped Capacitance Approach: Finite medium
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Heisler chart
(Plane wall)

taken from Cengel, 2006



Non-lumped Capacitance Approach: Finite medium
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taken from Cengel, 2006

Approximate Solutions to 1-D-unsteady state heat conduction 
model



Non-lumped Capacitance Approach: Finite medium
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Heisler chart 
(Cylinder)

taken from Cengel, 2006



Non-lumped Capacitance Approach: Finite medium
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Heisler chart
(Cylinder)

taken from Cengel, 2006



Non-lumped Capacitance Approach: Finite medium
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Heisler chart 
(Sphere)

taken from Cengel, 2006



Non-lumped Capacitance Approach: Finite medium
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Heisler chart
(Sphere)

taken from Cengel, 2006



Non-lumped Capacitance Approach: Finite medium
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Classroom example – 3
A flat wall of fire-clay brick (0.5 m thick) initially has a uniform 
temperature of 200 K. One of its faces is suddenly exposed to hot 
gas at 1200 K. If the heat transfer coefficient on the hot side is 7.38 
W/m2.K and the other face of the wall is insulated, determine:

• The time it takes for the centre of the wall to reach 600 K
• The temperature of the insulated wall at the time evaluated in (a)

Properties of fire-clay brick:
k = 1.125 W/m K
Cp = 919 J/kg K
ρ = 2310 kg/m3



Non-lumped Capacitance Approach: Finite medium
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Classroom example – 4
A steel cylinder (D = 30.5 cm, L = 61 cm) is initially at 645 K. It is 
immersed in an oil bath with a constant temperature of 310K. If the 
conductance of the steel surface is 34 W/m2.K, what is the 
temperature::

• at the centre of the cylinder after 1 hour?
• at the centre of the top surface of the cylinder?

Properties of steel:
k = 42.9 W/m K
Cp = 473 J/kg K
ρ = 7820 kg/m3



Non-lumped Capacitance Approach: Finite medium
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Classroom example – 5
An egg, initially at a uniform temperature of 5 °C, is dropped into 
boiling water at 95 °C. Taking the convection heat transfer 
coefficient to be 1200 W/m2.°C, and approximating the egg to be a 
5-cm diameter sphere, determine how long it will take for the 
centre of the egg to reach 70 °C.



Transient Heat Transfer
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Non-lumped Capacitance Approach: Semi-infinite medium

A semi-infinite solid is an idealized body that has a single plane 
surface and extends to infinity in all directions.

This idealized body is used to indicate that the temperature change 
in the part of the body in which we are interested (the region close 
to the surface) is due to the thermal conditions on a single surface.

A thick wall can be modeled as a semi-infinite medium if all we
are interested in is the variation of temperature in the region near 
one of the surfaces, and the other surface is too far to have any 
impact on the region of interest during the time of observation. The 
temperature in the core region of the wall remains unchanged in 
this case.



Transient Heat Transfer

31

Non-lumped Capacitance Approach: Semi-infinite medium

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

General energy balance equation 
after neglecting convective and 
heat source terms + “𝑘𝑘” is constant

Boundary conditions: 
𝐴𝐴𝐴𝐴 𝑥𝑥 = 0,𝑇𝑇(0, 𝑡𝑡) = 𝑇𝑇𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎 𝑄𝑄𝑥𝑥 = ℎ𝐴𝐴(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞)
𝐴𝐴𝐴𝐴 𝑥𝑥 = ∞,𝑇𝑇(𝑥𝑥 → ∞, 𝑡𝑡) = 𝑇𝑇𝑖𝑖
Initial condition: 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑡𝑡 = 0,𝑇𝑇 = 𝑇𝑇𝑖𝑖 for all x



Transient Heat Transfer
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Non-lumped Capacitance Approach: Semi-infinite medium

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

General energy balance equation 
after neglecting convective and 
heat source terms + “𝑘𝑘” is constant

Solution of the above equation (using initial and boundary conditions):

Where erfc complementary error function

If h  ∞ (negligible surface h.t. resistance)



Transient Heat Transfer

33

Non-lumped Capacitance Approach: Semi-infinite medium

If h  ∞ (negligible surface h.t. resistance) 



Transient Heat Transfer
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Non-lumped Capacitance Approach: Semi-infinite medium

If h  ∞ (negligible surface h.t. resistance) 
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Non-lumped Capacitance Approach: Semi-infinite medium
Classroom example – 6
What minimum burial depth would you recommend to avoid 
freezing under conditions for which the soil, initially at a uniform 
temperature of 15 °C, is subjected to a constant surface 
temperature of  ̶ 10 °C for 3 months?

Properties of soil:
k = 0.52 W/m.K
Cp = 1840 J/kg.K
ρ = 2050 kg/m3
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